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Baglivo [3], tom Dieck [21], Iizuka [9], Andrzejewski
[2] Wall $L\ddot{u}$ck [12]
$\tilde{K}_{0}(Z[\pi_{1}(X)])$
(cf. [6,22])
Ferry [8] Kwasik [11] ( ) Whitehead torsion $B$ ass-Heller-
Swan [4] Ferry
K-
$Farrow Earrow^{p}B$ finitely dominated $B$ fibration $E$
Anderson [1] unorientable $S^{3}$ -fibration $Earrow B$ $E$
Pedersen Tayler [18] $p_{*}op^{*}$
unorientable $S^{1}$ -fibration $Earrow B$ $E$
$S^{1}$ -fibration transfer Munkholm, Pedersen
Ranicki $[15,16]$
$S^{1}arrow^{i}Earrow^{p}B$ orientable $S^{1}$ -fibration Ehrlich [7]
$\pi_{1}(i)$ $[\pi_{1}(E), \pi_{1}(E)]$ transfer $p^{*}$
L\"uck finitely dominated untwisted fibra-
tion orientable $S^{1}$ -fibration
$Xarrow B$ $X$ fibre
orientable fibratioin $P$ transfer $p^{*}:$ $\tilde{K}_{0}(Z[\pi_{1}(B)])arrow\tilde{K}_{0}(Z[\pi_{1}(X)])$
$\pi_{1}(F)arrow\pi_{1}(X)arrow\pi_{1}(B)$ $(cf. [7,17])_{\circ}G$
fibre $G$ orientable fibration
$Aarrow Karrow H$ principal G-fibration
principal G-fibration $Xarrow B$ transfer $X$
G- $B=X/G$ restriction





$Garrow EGarrow BG$ universal principal G-bundle G- $X$ finitely G-
dominated $ros_{G}\simeq id_{X}$ G-CW $Z$ section $s:Xarrow Z$
retraction $r:Zarrow X$ L\"uck $w^{G}(X)$
. (cf. [12]) $G$- $f_{0}$ : $Y_{0}arrow X$ $f_{4}$ : $Y_{4}arrow X$ $(f_{0}\sim f_{4})$
$\simeq G$ $\simeq G$
$Y_{0}rightarrow Y_{1}arrow Y_{2}arrow Y_{3}-Y_{4}$
(1.1)
$X$
$(Y_{1}, Y_{0})$ $(Y_{3}, Y_{4})$ G-CW-pair $Y_{1}arrow$ $Y_{3}arrow Y_{2}$ G-
$‘\sim$
$Wa^{G}(X)$ $Y$ finitely G-dominated G- $f:Yarrow X$
$X$ finitely G-dominated $w^{G}(X)$ $id_{X}$
$[f:Yarrow X]+[g:Zarrow X]=[f\coprod g:Y\coprod Zarrow X]$
$Wa^{G}(X)$ $Wa_{H}^{G}(X)$
. $Wa_{H}^{G}(X)$ $Y$ $(H)$ finitely G-dominated G-CW
$X$ G- 5 $Y_{4}$
$(H)$ finitely G-dominated G-CW $G$- $f_{0}$ : Yo $arrow X$
$f_{4}$ : $Y_{4}arrow X$ $(H)$ finitely G-dominated $Y_{i}$
G- $f_{i}:Y_{i}arrow X(i=1,2,3)$ $Y_{1}$ (resp. $Y_{3}$ ) $Y_{0}$ (resp. Y4) type
$(H)$ G-cell attach $j_{1}$ : $Y_{1}arrow Y_{2}$ $j_{2}$ : $Y_{3}arrow$ $G-$
(1.1)
. $X$ $Y$ $B$ G-CW G- $f:Xarrow B$ 9: $Yarrow B$
$(f\approx g)$ $f_{G}\simeq hog$ G- $h:Xarrow Y$
$H$ $G$ $\pi_{0}(G, B)$ $\pi_{0}(G, H, B)$
$\pi_{0}(G, B):=$ {$x:G/Harrow B$ G-map $|H\leq G$ } $/\approx$
$\pi_{0}(G, H, B):=\{x:G/Harrow B G- map\}/\approx$
$(H)\pi_{0}(G, H, B)=\pi_{0}(G, B)$ $x\in\pi_{0}(G, H, X)$
$X^{H}$ $x(1H)$ $X^{H}(x)$ $\pi_{0}(X^{H})$ $WH$-
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(cf. [12, 5.2]) pullback (2)
(5) $WH$- $NH$- $NHarrow Gx_{NH}$
$NH=G$ induction (6) (3) (7) $E(IX^{H}(x))\cross$




$p:E(IX^{H}(x))\cross IX^{H}(x)X^{H}(x)arrow E(IX^{H}(x))x_{IX^{H}(x)}V_{x}^{>H}$ uni-
versal covering $X$ finitely G-domminated C
f $Z[\pi_{1}(E(IX^{H}(x))x_{IX^{H}(x)}X^{H}(x))]$-module $P_{*}$
$W(x, H)$ $\tilde{K}0(Z[\pi_{1}(E(IX^{H}(x))\cross IX^{H}(x)X^{H}(x))])$
$\sum_{i}(-1)^{i}[P_{i}]$ $P_{*}$
$\sum_{(H)}\phi_{H}$ $(W(x))$ $w^{G}(X)$ $\circ$ Iizuka [9] $W(X^{H}(x), \{1\})$
$X^{H}(x)$ type {1} cell $IX^{H}(x)- CW$ $IX^{H}(x)-$
14. G- $X$ G-
$\Phi:\oplus_{(H)}Wa_{H}^{G}(X)arrow Wa^{G}(X)$
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$\downarrow\oplus{\rm Res}_{K}^{G}$ $\downarrow{\rm Res}_{K}^{G}$ (1.5)
$\oplus_{H}{\rm Res}_{K}^{G}Wa_{H}^{G}(X)arrow{\rm Res} 0\Phi{\rm Res}_{K}^{G}(X)Wa^{G}(X)$
2 G- covering
Bredon [5] $3a_{e}k\grave{\triangleright}$ Illman [$10|6$ $G_{-B}^{\pi}7B5^{\text{ }}$ universalcovering
G- regular covering
$S^{1}-$ $X$ $S^{1}\cross\{x_{0}\}$ $\nu:S^{1}arrow X$
2.1. $G$ $X$ G- $G$ $g$
$g_{*};$ $\pi_{1}(X, x_{0})arrow\pi_{1}(X,gx_{0})$ $G$ $x_{0}$ $gx_{0}$
conju$ga$tion
. $\rho$ $G$ 1 $g$ $\pi_{1}(X)$ $\alpha:S^{1}arrow X$ $\nu(s, t)=$
$\rho(t)\cdot\alpha(s)$ $\nu(\alpha):S^{1}\cross Iarrow X$ $g\alpha$ $\rho 0\alpha 0\rho^{-1}$
$\partial I$
1
22. $G=S^{1}$ $T^{n}=G\cross K$ ( ) $X$ $T^{n}$ -
$L={\rm Im}\pi_{1}(\nu)$ $\pi_{1}(X)=L\cross N$ $p:\tilde{X}arrow X$ $N$ covering
$\tilde{X}$
$\Gamma-$ $1arrow Larrow\Gammaarrow^{\pi}T^{n}arrow 1$ $\tilde{X}/L=X$
(1) $\pi_{1}(\nu)$ $\tilde{G}=\mathbb{R}$ $|L|:\mathbb{R}arrow \mathbb{R}/Z=G$
$\tilde{G}=S^{1}$ $|L|:\tilde{G}arrow\tilde{G}/L=G$ degree $|L|$ $\Gamma=\tilde{G}\cross K$
$\pi=|L|\cross id_{K}$
$G\cross K$
(2) $\pi_{1}(\nu)$ $\tilde{X}$ $K$ - $T^{n}$ - $h:G\cross res_{K}^{G}\tilde{X}arrow X$ :
$(g,\tilde{x})\mapsto g\cdot p(\tilde{x})$ $T^{n}-$
(3) $\pi_{1}(\tilde{G}arrow\tilde{X})$
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. $\Gamma$ $g:Xarrow X(g\in G)$ cover $\tilde{X}arrow\tilde{X}$
$\tilde{X}arrow^{\gamma}\tilde{X}$






21 $\tilde{X}$ Deck $\Gamma$







(2.3) $\pi_{1}(\tilde{G})arrow L$ $\tilde{\nu}$ 1
2.4. $G$ $X$ finitely G-dominat $ed$ G-
$Q$ $\pi_{1}(X)$ $\pi_{1}(Y)$ $Y/Q=X$
$(Q\cross G)$ - $Y$
. $X$ universal covering $\tilde{X}$ $\Gamma-$ $\Gamma$ $1arrow\pi_{1}(X)arrow$
$\Gammaarrow Garrow 1$ $\pi_{1}(X)$ $\Gamma$
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$\Gamma$ )| $F_{0}$ $P=\pi_{1}(X)\cap\Gamma_{0\text{ }}$ $Q=\pi_{1}(X)/P$
$1arrow Parrow\Gamma_{0}arrow Garrow 1$
1 $\downarrow$ $\Vert$
$1arrow\pi_{1}(X)arrow\Gammaarrow$ $Garrow 1$
$(*)1arrow Qarrow\Gamma/Parrow^{\pi}Garrow 1$ $\Gamma/P$
$(\Gamma/P)_{0}$ $\Gamma_{0}/P$ $(*)$ $\gamma_{0\text{ }}\gamma$
$\Gamma_{0\text{ }}\Gamma$ $\pi$ $[\gamma 0,\gamma]$ $[\gamma_{0},\gamma]$ Deck
$\Gamma_{0}$ 1 $\gamma_{0}$ 1 $[\gamma_{0},\gamma]$ $P$
$[\gamma 0,\gamma]=1$ $\Gamma_{0}$ $Z(\Gamma)$
$\Gamma/P\cong Q\cross G$ $Y=\tilde{X}/P$ $Q$ $\Gamma_{0}$




${\rm Im}\pi_{1}(S^{1}arrow^{\nu}X)\cap[\pi_{1}(X), \pi_{1}(X)]=\{1\}$ (3.1)
$x_{0}\in X$ $H_{1}(\nu)$ $L$
L- $Y$ $X$ $S^{1}\cross LY$ $S^{1}-$ f (cf. [20])
$\pi_{1}(S^{1}arrow X)$
32. $G$ $K$ $N=G\cross K$ K-
$n(\leq\infty)$ N-CW $X$ $X \bigcup_{N}Z$ $G \cross(X/G)\bigcup_{N}Z$ N-
N-CW $Z$ ${\rm Im}\pi_{1}(Garrow X)=\{1\}(0\leq i<n)$
${\rm Im}\pi_{i}(Garrow Z)=\{1\}(0\leq i<n)$ N-CW $Z$
$X$
. $X$ cell $m$ $m=0$ O-skeleton $X^{0}$
$N\cross(X^{0}/N)$ $\varphi:N\cross\dot{e}^{1}arrow X^{0}$ $X$ $\psi$ $\varphi$ {1} $\cross\dot{e}^{1}$
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$\psi(0)=(1, v)(v\in X^{0}/N)$ $\psi(1)=(g, k, x)\in$
$G\cross K\cross(X^{0}/N)$ $\psi’$ : $\dot{e}^{1}arrow N\cross(X^{0}/N)$ $\psi’(0)=\psi(0)$$1\psi’(1)=(1, k, x)$









$\varphi:N\cross\dot{e}^{m+1}arrow X^{m}$ $X$ $p_{3*}$ $\varphi$ $G\cross$
$(X^{m}/G) \bigcup_{N}Z$ $ho$ il $0\varphi$ $j_{3}oj_{2}op_{1}o\varphi$
$m$ $m+1$ (3.3) N-
$X^{m+1} \bigcup_{N}Zarrow G\cross(X^{m+1}/G)\bigcup_{N}Z$ I
34. $K$ $N$ N-CW $Y$ $\pi_{1}(Karrow$
$Y)$ $Y \bigcup_{N}Z$ $K \cross(Y/K)\bigcup_{N}Z$ N-
N-CW $Z$
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. $K$ $\pi_{i}(K)=0(i\geq 2)$ $Z$ 1- 2
N-CW I
$Y$ $(K\cross G_{2})$ - $K\leq G_{1}$ $G_{1}\cross Y$ $(G_{1}\cross G_{2} )$ - $(g_{1},g_{2})\cdot(a, y)=$
$(g_{1}a,g_{2}y)$ $G_{1}x_{K}Y$ $(G_{1}\cross G_{2} )$-
3.5. $G$ $S^{1}$ $X$ (3.1) G-
${\rm Im}\pi_{1}(G/Larrow^{\nu\overline}X/L)$ $\pi_{1}(X/L)$ $L$
. $\pi_{1}(\nu)$ [20, 31] $K={\rm Im}\pi_{1}(\nu)$
$L$
$1arrow Karrow{\rm Im}\pi_{1}(\overline{\nu})arrow Larrow 1$
I 1 $\Vert$
$1arrow H_{1}(X)arrow H_{1}(X/L)arrow Larrow 1$
$L$ $H_{*}(X)$ 2
1 $1arrow TorH_{1}(X)arrow TorH_{1}(X/L)arrow Larrow 1$ $L$
$|TorH_{1}(X)|$ $\overline{K}={\rm Im}\pi_{1}(\overline{\nu})$ $TorH_{1}(X/L)$
$\pi_{1}(X/L)arrow H_{1}(X/L)arrow\overline{K}$ splitting 1
3.6. $N$ $G$ $X$
${\rm Im}\pi_{1}(Garrow X)\cap[\pi_{1}(X),\pi_{1}(X)]=\{1\}$
nitely N-dominated $N$ - $Wa^{G\cross K}(X)$
[ $f|=w^{G\cross K}(X)$ $G$ $L$ nitely ( $L$ $\cross$ K)-dominated $Y$
$N$ - $f:Gx_{L}Yarrow X$
. $G=G_{1}\cross\cdots\cross G_{n}(G_{i}\cong S^{1})$ $N=G\cross K$
$N_{j}=G_{j}\cross\cdots\cross G_{n}\cross K(2\leq i\leq n)$ $N_{n+1}=K$ $L$ $G_{1}$ - $X$ 35
$J={\rm Im}\pi_{1}(\overline{\nu}:G_{1}/Larrow X/L)$ $G’=G_{1}/L$ $Y$
$J$ Deck covering $\pi_{1}(\nu)$ $\pi_{1}(\overline{\nu})$
22(1) $X$ $G_{1}\cross LY’$ N- $(L\cross N_{2})$-






$Wa^{N/L}(X/L)$ $[id_{X/L}]=[g:G_{1}/L\cross X/G_{1}arrow X/L]$





$Wa^{N}(X)$ [$id_{X}|=[f1:G_{1}x_{L}X_{1}arrow X|$ $\circ$ Y $\pi_{1}(G_{2}\cross$
. . . $\cross G_{n}arrow X_{1}$ ) $\pi_{1}(X_{1})$ $L_{1}=L$
$(L_{1}\cross N_{2})$ - $X_{1}$ $L_{2}<G_{2\text{ }}$ $(L_{1}\cross L_{2}\cross N_{3})$- $X_{2}$
$(L_{1}\cross N_{2})$ - $f_{2}$ : $G_{2}\cross L_{2}X_{2}arrow X_{1}$ $[id_{X_{1}}]=[f_{2}|\in Wa^{L_{1}\cross N_{2}}(X_{1})$
$G_{1}\cross L_{1}(G_{2}\cross L_{2}X_{2})=(G_{1}\cross G_{2})\cross L_{1}\cross L_{2}$
$id_{X}$ $\sim f_{1}$ : $G_{1}x_{L_{1}}X_{1}arrow X$
$id_{X_{1}}$ $\sim f_{2}$ : $G_{2}x_{L_{2}}X_{2}arrow X_{1}$
$id_{X_{n-1}}\sim f_{n}:G_{n}\cross Xarrow X_{n-1}$
$G_{j}’=G_{1}\cross\cdots\cross G_{j\text{ }}$ $L_{j}’=L_{1}\cross\cdots\cross L_{j}$
$G_{n-1}’\cross L_{n-1}^{\prime X}n-1$
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$L=L_{1}\cross\cdots\cross L_{n\text{ }}$ $Y=X_{n}$ $id_{X}$
$(G_{n-1}’x_{L_{n-1}’}f_{n})0\cdots o(G_{1}’x_{L_{1}’}f_{2})of_{1}$
I
. 36 G-CW $Z$
$L$ $N$-
$G\cross LY$
3.7. $G=S^{1}$ $X$ (31) G-
${\rm Res}_{K}^{G}(X)Wa_{\{1\}}^{G}(X)=\{0\}$
$G$ $K$
. $\{X_{k}\}$ $X$ $Wa_{\{1\}}^{G}(X)= \prod_{k}Wa_{\{1\}}^{G}(X_{k})$
$X$ $f:Yarrow X$ $Wa_{\{1\}}^{G}(X)$ G-
$Y$ l-ce $Y$ attach
${\rm Im}\pi_{1}(Garrow Y)\cap[\pi_{1}(Y), \pi_{1}(Y)]$ kill 2-cell 1 attach $f$
$Z$ $X$ $G$- 36 37[19]
$w^{K}(Z)$ $Wa_{\{1\}}^{K’}(X)$
[$f|=[g|=0$ I
$G$ $K$ $X^{K}$ $X$ G-0-
3.8. (cf. [13]) X $T^{n}\neq\emptyset$ finitely $T^{n}- dominated$ $T^{n}- 0$- $X$
$Wa^{\{1\}}(X)$ $w^{\{1\}}(X)=[X^{T^{n}}arrow X|$
. $K$ $T^{n}$ $(X^{K})^{WIK}\neq\emptyset$ $X^{K}$




$G$ $K$ $\Psi(G:K)=\{H\leq G|KH=G\}$




. $X$ 1 $(H)$ G-CW $G\cross NHY$ $X$ G-
WH-CW $Y$ $\Psi(G:K)$ $H$
${\rm Res}_{WH\cap KH/H}^{WH}(Y)Wa_{\{1\}}^{WH}(Y)$ $(H)$ $\Psi(G : K)$
$S^{1}\cap KH\neq S^{1}$ $G$ $S^{1}$
. $N$ $K$ $K$ $N$
$S^{1}$
${\rm Res}_{K}^{N}(X)Wa_{\{1\}}^{G}(X)=\{0\}$
. $[Zarrow X]$ $Wa_{\{1\}}^{N}(X)$ $N/K$ 1 $Z/K$
$N/K$ $G$ $G$- $Z/K$ 24
$Q$ $(G\cross Q)$ - $Y$ $Z/K$ finitely G-dominated $Y$ finitely
( $G$ $\cross$ Q)-dominated 3.6 $L$ finitely $(L\cross Q)-$
dominated $W$ $id_{Y}$ $(G\cross Q)$ - $f:Gx_{L}Warrow X$
$Q$ $f/Q:G\cross LW/Qarrow Z/K$ $id_{Z/K}$ 37 [19]
$w^{\{1\}}(Z/K)=0$ $p:Zarrow Z/K$ $K$ $CW$ $Z/K$
equivariant K-fibration $w^{K}(Z)=p^{*}(w^{K}(Z/K))=0$
$Wa^{K}(X)$ [ $Zarrow X|=0$ 1
4.1. $G$ $B$ nitely dominated
orientable G-fibration $Earrow B$ $E$ $CW$
finitely $S^{1}$ -dominated $S^{1}$ - $X$ $K$ transfer
$p^{*}:$ $Wa^{\{1\}}(X/S^{1})arrow Wa^{K}(X)$ finitely $S^{1}$ -dominated
$X$ $X^{S^{1}}$ $X$





5.1. $G$ $rank>0$ $Earrow B$ principal $G$ bra$ti$on
$B$ nitely dominated $E$ $CW$
$G$ finitely G-dominated
$CW$ transfer $p^{*}:$ $Wa^{\{1\}}(X/G)arrow$
$Wa^{\{1\}}(X)$
5.2. $G$ $Z$
G-CW $Z$ G-dominate G- G-CW




$A(5)$ icosahedral $NA(5)$ $=A(5)$
$S(4)$ octahedral $NS(4)$ $=S(4)$
$A(4)$ tetrahedral $NA(4)$ $=S(4)$
$D_{n}(n\geq 2)$ dihedral group of order $2nND_{n}$ $=\{\begin{array}{l}S(4)D_{2n}\end{array}$ $ifif$ $n\neq 2n=2$





$X$ 1 finitely SO(3)-dominated $X$
$SO(3)x_{NH}X^{H}$ $SO(3)-$ $H$ $S(4)$ $A(5)$ $NH=H$
$X$ $SO(3)/H\cross X^{H}$ $SO(3)-$ $SO(3)$ $H$
$SO(3)/H$ Euler $H$
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5.3. $CW$ finitely dominated $S^{1}-$
. $X$ finitely $dominated$ $CW$
$G=S^{1}$ $X$ G- $X’$ G- $X$
G-CW G-CW
$G x_{L}Y\bigcup_{G}Z$
G-CW $Z$ $X$ $X’$
$G \cross LY\bigcup_{G}Z$ finitely domminated $(G\cross Y)\cup c\cross L(Z\cross L)arrow$
$Gx_{L}Y\cup cZ$ cover $(G\cross Y)\cup c\cross L(Z\cross L)$ finitely domminated
$Y=Y \bigcup_{L}(\{*\}\cross L)$ $d_{01}u\dot{u}nate$ $Y$ finitely
domminated 3.7 ([19]) fibration $Yarrow S^{1}\cross LYarrow S^{1}/L$
$w^{\{1\}}(S^{1}\cross LY)=0$ $w^{\{1\}}(X)=0$ I
$F$ $B$ finitely $dominated$ $Farrow Earrow B$ fibration
$p_{*}op^{*}$ $\chi(F)$ $F$
$P^{\text{ }}=0$ $F$ $p^{*}$ $\chi(F)$
$\pi_{0}(K)arrow\pi_{0}(X)$ $w^{\{1\}}(X)=0$
$w^{K}(X)=0$ $p^{*}o$ p $\chi(F)$
$K$ $X$ $H_{1}(S^{1}arrow S^{1}\cross KX;Z)(1)$ torsion
$X$ primmitive K- K-
$X$ primmitive $K$- $D^{G}(X)$ G-CW
G- $X$ $G$- sermgroup
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5.4. $X$ primitive K- $D^{\{1\}}(X)$
$[p:Xarrow X/K]=|K|\cdot[id_{X/K}:X/Karrow X/K]$
$P*op^{*}:$ $Wa^{\{1\}}(X/K)arrow Wa^{\{1\}}(X/K)$ $|K|$
. $pri_{I}\dot{m}tive$ $\pi_{1}(S^{1}x_{K}X)\cong\pi_{1}(S^{1})\oplus\pi_{1}(X/K)$
$S^{1}-$ $h:S^{1}\cross X/Karrow S^{1}\cross KX$ $h$
$X/K$ $\pi_{1}(X/K)<\pi_{1}(S^{1}\cross KX)$ $X$ covering
$\pi:X/Karrow S^{1}\cross KX$ covering projection $h(g,y)=g\cdot\pi(y)$
$S^{1}/K\cross X/K$
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